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1 Concepts

Lagrange is pronounced as Lagrounge.

Lagrange Multipliers are a mathematical tool for constrained optimization of differentiable func-
tions.

An optimization problem aims to maximize or minimize a given function.

A constrained optimization problem is a kind of optimization problem in which the solution has
to satisfy the constraints imposed on the problem to be acceptable.

Extreme points of a function f are points where the gradient ∇f = 0 or equivalently, each of the
partial derivatives is 0.

Feasible region consists of the points of the function which satisfies the constraints that have
been imposed upon the function.

Equality constraints restrict the feasible region to points lying on some surface inside Rn where
f(x1,� ., xn): Rn

→R.

2 The Lagrangian

Given a function,

f(x1,� ., xn): Rn
→R (1)

A constraint upon the function f(x1, � ., xn) is defined by another function g(x1,� ., xn) and we
are interested in the points x where:

g(x)= 0 (2)

In the graphical representation of a function f , contours or level curves represent the points
which have the same value of f .

***

At an extreme point p, the gradient of f will be parallel to the gradient of g, i.e., the 2 gradient
vectors are either equal or multiples of each other:

∇f(p)= λ∇g(p) (3)

This multiplier denoted by λ is called the Lagrange Multiplier .

(1), (2) and (3) can be combined and compactly represented as:

Λ(x, λ)= f(x)−λg(x) (4)
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and

∇Λ(x, λ)= 0 (5)

The technique of Lagrange Multipliers involves representing the constrained optimization
problem in the form of (4) and (5) and solving it.

3 An Example

Given,

f(x, y)= 2−x2
− 2y2 (6)

g(x, y) =x2 + y2
− 1 = 0 (7)

Consider the function f(x, y) (which describes a paraboloid) and the constraint g(x, y) (an unit
circle). Find the maximum and minimum of f(x, y) under the constraint g(x, y).

3.1 Using Substitution

Lets first solve the problem using the old method of substitution.

Solving (7) we get,

x2 = 1− y2

Substituting this in (6) we get,

f(x, y)= 1− y2

From the above equation, we can deduce that f(x, y) has maximum at y = 0 which results in
f(x, y)= 1 and x =± 1.

Similarly, we can deduce that f(x, y) has minimum at y = ± 1 which results in f(x, y) = 0 and
x =0.

3.2 Using Lagrange Multipliers

Writing down (6) and (7) in the form of (4) and (5), we get,

Λ(x, y, λ)= 2−x2
− 2y2

−λ(x2 + y2
− 1)

∇Λ(x, y, λ)= 0 (8)

Solving (8) means,

∂

∂x
Λ(x, y, λ) =− 2x− 2λx= 0 (9)

∂

∂y
Λ(x, y, λ)=− 4y − 2λy = 0 (10)

∂

∂λ
Λ(x, y, λ) =− x2

− y2 + 1 =0 (11)

We now have 3 equations and 3 unknowns.
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Solving (9), we get λ = − 1. Using this in (10), we get y = 0. Using that result in (11), we get
x =± 1. Using these results in (6), we get f(x, y) =1. We’ve got the maximum.

Solving (10), we get λ = − 2. Using this in (9), we get x = 0. Using that result in (11), we get
y =± 1. Using these results in (6), we get f(x, y) =0. We’ve got the minimum.

4 Multiple Constraints

For n number of constraints, (3) and (4) are expressed as:

∇f(x)=
∑

i

λi∇gi(x) (12)

and

Λ(x, λ) = f(x)−
∑

i

λigi(x) (13)

***

The Karush-Kuhn-Tucker conditions are a generalization of the method of Lagrange Multipliers.
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